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AND SMALIL PRESSURE GRADIENT

By George M. Low

SUMMARY

A perturbation method for the calculation of velocity and tempera-
ture profiles and skin-friction and heat-transfer characteristics for
two-dimensionel, compressible laminar boundary layers with heat transfer
and a small arbitrary pressure gradient is presented. The permissible
pressure gradients include those of a form and magnitude usually en-
countered over slender aerodynamic shapes in supersonic flight. The
method epplies for any constant Prandtl number, but results, aside from
special examples, are presented for a Prandtl number of 0.72. For the
case of heat transfer, the wall temperature is assumed constant.

A large number of universal functions are given in tabular form,
s0 that the amount of effort required in a practical application is
reduced to the arithmetic combination of several tebulated values. The
computation procedure is summarized in a section entitled "APPLICATION
OF ANALYSIS."

The combined effects of heat transfer and pressure gradient on
boundary-layer characteristics are demonstrated by applying the results
of the analysis to two representative wings.

INTRODUCTTION

Interest in the characteristics of the laminar boundary layer has
increased in recent years because, under certain conditions, the boundary
layer may remain laminar over large areas of girplanes and missiles.

For example, Van Driest (ref. 1) has shown theoretically that if the
80lid boundary is cooled sufficiently, the laminar boundary layer can

be stabilized regardless of Reynolds number at Mach numbers between

1l and 9. Sternberg (ref 2) observed laminar boundary layers at Reynolds
numbers as high as 50x108 in flight tests of the V-2 rocket. Laminar
boundary layers may also be expected in flight at very high sltitude
where the density, and hence the Reynolds number per unit length, will
he low.
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Solutions of the compressible laminar-boundary-leyer equations for
the special case of zero pressure gradient have been obtained by several
authors. The theory of Chapman and Rubesin (ref. 3), for example, pre-
sents a very simple method for calculating boundery-layer characteristics
over a flat plate with arbitrary heat transfer. The more recent, and
in general more exact, studies of Klunker and McLean (refs. 4 and 5),

Van Driest (ref. 6), Young and Janssen (ref. 7), and Moore (ref. 8)

have demonstrated that the theory of Chapman and Rubesin yields excellent
results for reasonably low ambient air temperatures at Mach numbers up

to about 5.

Solutions for the more general case of arbitrary heat transfer and
arbitrary pressure gradient are still in an early stage of development.
Tani, in a little known paper (ref. 9), used a perturbation procedure
to obtain direct solutions of the boundary-layer differential equetions
with a Falkner-Skan type externmal velocity distribution (ue ~ x®) and
heat transfer. Results are easlily obtalnable from tabulated functions,
but are limited to a Prandtl number of 1, small Mach numbers, and small
rates of heat transfer. Furthermore, the Falkner-Skan type of external
velocity distribution is not appropriate for supersonic flow over thin
wings. Ginzel (ref. 10), Kalikhman (ref. 11), and Libby and Morduchow
(extension of ref. 12) have obtained solutions of the compressible
laminar-boundary-layer equations by an extended Pohlheusen method. How-
ever, the accuracy of the Pohlhausen method under conditions of heat
transfer at high speeds has not been determined. In addition, the amount
of work reguired in a particular application of references 10 and 11 is
prohibitive because the simultaneous numerical solution of two differen-
tlal equations is required. Libby and Morduchow avoid this difficulty by
the additional assumption that certein veriable quantities remain constant
over the entire length of boundary-layer development.

The purpose of the present report is to present a method of solu-
tion developed at the NACA Lewis laboratory that is free of many of the
limitations of references 9 to 12. An accurate method for calculating
velocity and temperature profiles and skin-friction and heat-transfer
characteristics for the compressible laminar boundary layer with heat
transfer and a small pressure gradient is derived. The permissible
pressure gradient may be of a form and magnitude usually encountered
over thin serodynamic shapes in supersonic flight. The solution 1s
obtained by a method of perturbation on the flat-plate solution of
Chapman and Rubesin; it constitutes the first two terms of a Maclaurin
series expansion in terms of the free-stream veloclty gradient parameter.
The method involves the direct solution of the boundary-layer differen-
tial equations. Although the theory applies for any ‘constant Prandtl
number, tabulated results presented in this report apply, in general,
for a Prandtl number of 0.72. For the case of heat transfer, results
are limlted to an isothermal wall.
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Solutlions of the first-order perturbation equations are presented
in tabular form, so that the amount of effort required in a particular
application is reduced to the arithmetic combination of several tabulated
values. A section of the report entitled "APPLICATION OF ANALYSIS" is
included in order to facilitate the application of results in practical
applications.

ASSUMPTTIONS AND LIMITATIONS

The following simplifylng assumptions end limitations are imposed
in addition to the usual boundary-layer assumptions:

(1) The ratio of the velocity at the outer edge of the boundary
layer u, to a reference velocity u, can be represented by

%E =1+¢ aNxN (1)

where the repeated index N indlcates a summation over several values
of N. (All symbols used in this_report are defined in appendix A.)
In equation (l) the quantity a.NxN represents the shape of the deviation

of Uy from a constant value, while ¢ represents the magnitude of

this deviation. The quantity € is assumed small as compared with
unity, whereas the quantity &NxN is of normal order of magnitude.

This type of external velocity distribution is capable of representing
in form and magnitude those encountered over thin aerodynemic shapes at
Msch numbers greater than 1.

(2) The temperature of the solid boundary is constant under condi-
tions of heat transfer. (Under conditions of zero heat transfer the
wall tempersture will be a calculated function of the pressure dis-
tribution.)

(3) The viscosity and temperature are related linearly by the
following expression:

B _ck (2)
By tr

Chapman and Rubesin have shown that solutions of the boundary-layer
equations based on equation (2) agree well with more exact solutions
for flat-plate flows at Mach numbers less than S if the constant C is
determined by matching equation (2) with Sutherland's relation at the
solid boundary
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. /ﬁ (tp + 8) ()
t. (t; + 8)
This assumption should also be reasonable for flows with slight stream-
wise pressure gradients, especlially when the wall temperature is constant.

For a nonisothermal wall an average wall temperasture should be used in
equation (3), as suggested in reference 3.

(4) The Prandtl number and specific heat are comstant throughout
the boundary leyer. The restriction imposed by this assumption is not
great because both Pr and cp Vvary only slightly at moderate tempera-

tures. A Prandtl number of 0.72 was used in all calculations.

GOVERNING EQUATIONS

Differential equations and boundary conditions. - The equations
governing the steady laminar flow of a viscous compressible fluid in a
thin boundary layer are the momentum equations

uux+vuy=-%px+%(uuy)y (42)
py=0 (av)

the equation of continulty

(pu)y + (pv)y =0 (s)
the energy equation
= 2
and the equation of state
D = pRt (7)

_ The following boundsry conditions are imposed on the momentum and
energy equetions:
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u(x,0) = 0 u(x, =) = ue\

v(x,0) = 0 t(x,®) = tg & (8)
t(x,0) = t, (heat transfer)

ty(x,o) = 0 (zero heat transfer) J

At the outer edge of the boundary layer, velocity and pressure are
related by the Bernoulli equation, which is

dp du
—C=-pu, =% (9)

The energy equation that applies at the outer edge of the boundary layer

is

2

Ue
Cp T = cpte + - (10)

Trensformation of Howarth. - In reference 13 Howarth introduced a
transformation which, when applied to the momentum and energy equations,
yields equations similar in form to the incompressible-boundery-layer
equations. First, it is convenient to introduce the dimensionless
variables

o = p/pr u® = u/ur
t¥* = t/tr v = v/u, (11)
p* = pfop  H* = p/uy

Howarth's transformation proceeds as follows: The independent variables
x and y are related to the variables x and n according to the
following transformation:

™
i
M

¥ yl
‘%‘f{;{-dy (12)
0

B
i

where n distorts the scale in the direction normal to the surface.
The derivatives with respect to x and y can be expressed as
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Equation (5) is satisfied by & stream function defined as follows:

p¥* u¥ = ¥y
p*V*="qfx

The stream function V¥(x,y) can be related to a transformed
function ¢(x,n) by

¥(x,y) = +/Co% o(x,n) (14)

The velocity components now become

u = Up Pp
% 15
el N as)

Substitution of equations (2), (7), (9), and (12) to (15) into equation
(4a) yields the momentum equation in the transformed (x,n) plene

& a3
vy Ug due * 1 2 ]
Py P - Py = — | -0 @ (16)
Pn Pnx x ®mn T T Yonn o ax 5 My nn
The energy equation in the x,n-plane becomes
x Vr ®* _ 2¥r 2 _
oty - Oty - oy Pr thp = (v-1) M3 w. *nn
#* o #
e dug [y * *
—_— @t + (r-1) t7 @ (17)
tg‘d.x tn n
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The following boundary conditions apply to equations (16) and (17):

®(x,0) = 0 Pp(x,°) = ug
¢n(x,0) =0
t*(x,0) = t& (heat transfer)
tﬁ(x,o) = 0 (zero heat transfer)
t*(x,=) = ¥
PERTURBATION ANALYSIS
Expansion of momentum and energy equations in powers of €. - For

the special case of uf = 1 (zero pressure gradient), equations (16)

and (17) become identical to the momentum and energy equations solved
by Chapman and Rubesin. It therefore appears logical to let ug differ

from unity by a small amount in order to obtain a perturbation solution

for flows with small pressure gradients. As discussed under ASSUMPTIONS
AND LIMITATIONS, the external velocity at the outer edge of the boundary
layer is taken to be of the following form:

u§= 1+ saNxN (1)

Substitution of equations (1) and (7) into equations (9) and (10) and
elimination of higher-order terms yield:

ﬁ":l—‘rl\ﬁeaNxN (18)
and

th=1- (y-1) M & apd® (19)

Within the boundary layer the stream function and temperature are
replaced by their Maclaurin series expansions in terms of the velocity
gradient parameter e:

o(x,n, &) = p(x,n) + & aN_$N(x,n) + g8 N §NM(x,n) + ... (20)

t¥(x,n, &) = t(x,n) + € aN'£N(x,n) + €2 amM %NM(x,n) + ... (21
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A sequence of momentum and energy equations is obtained by substitution
of equations (1) and (18) to (21) into equations (16) and (17), arnd by

equating coefficients of like powers of €. The zero-order equations,

obtained by equating coefficients of (&)0, are:

cpncpnx-$xq>nn-ar-tpnm=o (22)
?(x,0) = 9,(x,0) = 0 o, (x,=) = 1
and
T Ty T T - s Tan = (1) —;r"-f- (@an)? (23)

T(x,0) = t, (heat transfer)
tp(x,0) = O (zero heat transfer)

t(x,») = 1

Equating coefficients of g yields the first-order equations:
-— —_ = —_— = —_ = Vr =
anq’Nnx+¢nxq’Nn‘¢xq’Nnn‘q’nn‘pNx“’u';¢Nnnn
v (-2 T5,,) (20)

Oq(x,0) = Fp (x,0) =0 By (x,%) = N

and

cpI‘Injt-’x"'q:'ntlc[x'q)li[xtn"q’xtl‘Tn'uTPrtI‘Inn

VI‘ — = — - ——
=25 (-T'-l) M2 By Py - ML M2 [323 $ T, + (y-1) T cpn] (25)

Tg(x,0) = 0 or tgy(x,0) =0  tylxye) = - (y-1)x" M2

The higher-order equations are obtained by equating coefficiengs =
of ez, 83, and so forth. If it is assumed that the functions ¢, ¢, ¢,

2968
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and so forth, and the functions %, t, t, and so forth, are of the same
order of magnitude, then, since € 1is postulated to be small, all
additional contributions will be of second or higher order and hence
may be neglected in a first-order treatment. Further justification for
neglecting the higher-order equations comes from reference 14, where it

is shown that for incompressible flow the function E is numerically
much smaller than ¢ and ¢. The second-order terms therefore should
contribute very little to the solution of the boundary-layer equations
for flows with small pressure gradients.

The permissible magnitude of the pressure gradient depends largely
on the length of run over which it acts. For example, a very small
Pressure gradient can cause laminar separation if it acts over a large
distance. The present method can be applied only if all the deviations
in boundary-layer characteristics caused by the pressure gradient are
small.

The only dependent variable appearing in equation (22) is 5, 80
that the solution of this equation is independent of all following
equations. Furthermore,.each succeeding equation involves only one
new dependent variable, so that each equation can be solved in principle
once the preceding equations have been solved. Equations (22) to (25)
gtill contain two independent variables, however, and require further
reduction to make them amensble to solution.

Solution of zero-order equation. - The zero-order equations may be
transformed to ordinary differential equations by introduction of the
Blasius characteristic varisble 7:

Ur

er

(26)

=
n
B

The stream function @(x,n) is related to a new function f£(n) as
follows:
V. X

¢ (x,n) = = £(n) (27)

The temperature in the x,n-coordinate system is equal to the tempera-
ture in the n-system .

t(x,n) = T(n)- (28)

With the aid of equations (26), (27), and (28), equations (22) and (23)
can be written

" 4+ " = 0 (29)
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T+ Pr £ = - (Pr) (%l) Mo (£)2 (30)

where the primes indicate differentiation with respect to 1. The
boundary conditions of £ and t are

£(0) = 0 fr(=) = 2
£'(0) = 0
t(0) = tﬁ or t'(0) =0

(=) =1

‘Equation (29) is the well-known Blasius equation which has been solved
by several investigators. In order to eliminate M% as a parameter in
the solution of equation (30), this equation is split into two parts in
the following manner:

— r-1._2
t(n) = 1+ 5= m r(n) + X s(n) (31)
wvhere r(n) and s(n) satisfy the following equations:

Pr
r" 4+ Prfort = -5 (22 (32)

s" +Pr £8'=0 (33)

The following boundary conditions are applied to equations (32) and (33):

r'(0) = 0 r(=) = 0
s'(0) = - [£"(0)]F" s(») = 0

Although the solution of equations (32) and (33) can be written in terms
of quadratures, as shown in reference 3, the numerical solution of the
differential equations was found more convenient. Numericel solutions,
as discussed in appendix B, were made by Lynn U. Albers.

The functions £"(0), r(0), s(0), and s'(0) are listed in
table I; all other functions resulting from the solution of the zero-
order equations can be found in table ITI. The constant K (eq. (31))
is related to the rate of heat transfer and hence to the wall tempera-
ture. TIts value is determined by solving equation (31) at 1= 0.

2968
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1 - -1 2
o) [(tw— 1) -5 Mrr(O)] (34)
- &
where the wall temperasture ratio ty = T is, in general, prescribed.
T

For the case of zero heat transfer, K vanishes.

Solution of first-order equations. - The first-order momentum and
energy equations can also be transformed to ordinary differential equa-
tions with the aid of the Blasius variable together with the following

functions:
ay(xom) = 2 \/—ur—x < g(n) (35)
and -
;N(x,n) = - (y-1) Mﬁ xN hy(n) (zero heat transfer) (38)
ty(x,n) = —\(‘r—l) M2 x¥ By(n) (heat tramsfer) (37)

Equations (24) and (25) are now written

gy +f ey -2Nf' gr+ (28 + 1) £ gy

= - 4N {1 + M2 l:(f;_l)r - % ff":l+ Ks (38)
and
ht + Pr fhy - 2Pr Nf'hy
AN + 2 - T — ~}
=Pr|>—=——L_g T+ " g" - Ty £5r - 2NP'E
[(r-l)Mf N e ] (39)

The function HN(n) satisfies the same equation as is satisfied by
hy(n) (eq. (41)), but is subject to different boundary conditions. The
boundary conditions are
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gg(0) = 0 gh(=) = 1

gﬁ(o) =0

hﬁ(o) =0 hN(m) = 1 (zero heat transfer)
Hy(0) = 0 Hy(=) = 1 (heat transfer)

The solution of equation (38) can be obtained in closed form for

the special cases of N = - % (ref. 15) and N = 0 (see appendix C).

In the general case, however, the equation was solved numerically. In
order to obtain a numerical solution which applies over a range of Mach
numbers and heat-transfer rates, the parameters M. and K were

eliminated from equation (38) by splitting the function g into a
linear combination of three independent functions:

&y = &y t Mﬁ gne + K gyz (40)

where the three new functions satisfy the following equations:

g + fgi - 2NE'gl + (2N + 1) f'g = - 4N (41)
N
o + LEfs - 2NE'gh, + (20 + 1) £'gp, = 3 [ref" - 4(y-1)r) (42)

gns + fops - 2Nf'gly + (2N + 1) gy = - 4Ns (43)
g1 (0) = ef;(0) = 0 (1 = 1,2,3)
Ni Ni
g (=) =1 ghol=) = gi\B(“) =0

The first-order energy equation can be solved in closed form for N = - %

(ref. 15) and N = 0 (appendix C). For zero heat transfer, a closed
form solution of equation (39) for Pr = 1 can also be obtained for all
values of W, as shown in appendix D. For other cases the solution

of equation (39) is again found numerically after several parameters
have been eliminated by replacing the equation by the following system:

2

2968
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where

hp + Pr fhyy - 2Pr Nf'h = Pr [(zm + 1)-gmr" + £l - 2Nf'] (45)
hy, + Pr fhy, - 2Pr Nf'hy,
= Pr [(ZN + 1)gNz r' + flgp - -Tg—r'f; - N(r—l)rf'] (46)

b (0) =0 . hy(=) =1 hyp(=) = 0 (1 = 1,2)

Equations (44) to (46) apply for the case of zero heat transfer. TFor
flows with heat transfer, the following equations are obtained:

K K2
HN=HN1+b1§HN2+KHN3+—§HN4+—§HN5 (47)
M My
The functions Hﬁl(n) and Hﬁz(") satisfy the same equations or are
satisfied by hm_(n) and h.NZ('q), but are subject to modified boundary

conditions. The remesining functions in equation (47) satisfy the fol-
lowing equations: .

288"
| N2
H" IPr 1 ‘Per _Pr N — 1 +
N3 fﬁﬁ3 -2 £ Hﬁ3 - (2w + 1) ( r-1 T gN3)

n_n Yﬂfs'
e - o1 - 2Nf's (48)
ey s’
"
Hy, + Pr fHy, - 2Pr NE'Hg, = Pr |(2N + 1) | (49)
2 s'—
Hys + Pr fHys - 2Pr Nf'Hys = Pr [(2N + 1) (gNZ’ ) (50)
v-1 /|
Hy;(0) = 0 Hp(=) =1 (i = 1,2,3,4,5)

By (=) = Ep (=) = E (=) = B (w) = 0

The elimination of M. and K as parameters in the first-order
equations has thus ylelded ten equations for each value of N. These
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equations were solved numerically for N = 1, 2, and 3, as discussed in
appendix B. The functions gﬁ, which represent the first-order velocity

corrections, and hy and Hy, which represent the first-order tempera-

ture corrections, are presented graphically in figures 1, 2, and 3.
Tabulated results of all solutions of the first-order equations can be
found in tables IIT, IV, and V. Initial values are also tabulated in
table I.

The solutions of the zero- and first-order equations can now be
combined to yield velocity and temperature profiles, skin-friction and

heat-transfer coefficients, recovery factors, and displacement thickness.

BOUNDARY-LAYER CHARACTERISTICS

Velocity and temperature profiles; - The dimensionless velocity u¥*
is related to the characteristic variable 1 through equations (15),
(20), (27), and (35) in the following manner:

w e 22 (n) + e apd gi(n) (51)

From equations (21), (28), (31), and (36) or (37), the temperature pro-
file can be expressed in terms of 1 eas

thz 1+ %1 Mf_ [r(n) - 2¢ aNxNhN(n)] (52)

for the case of zero heat transfer. For flows with arbitrary heat
transfer, the following expression applies:

tF 21 +Ks(g) + —Y-;—} Mf. l:r(n) - 2¢ e.N,xNHN(n)] (53)

Equations (51), (52), and (53) represent the velocity and tempera-
ture profiles as funetions of 1. The transformation to the physical
(x,y-) plane, according to equations (12) and (26), is

N yl
C
y=2 pixur f vl an (54’)
0

The value of t¥ can be obtained from equations (52) or (53), while
p¥ is given by equation (18). Thus, for zero heat transfer,

2968
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C
y e 2 ’r ¥ E_ + % ME‘_ € a.NxN] l:n + L;l M.f. Ir('q)] - (T-l)MIz. € aNxNIhN
(55)

and for arbitrary rates of heat transfer,

v o= ?q/vzrxc{[l+%M12,e aNxN:I [n+:r—£-le_ Ir(n) + KT s(n)] -

(r-1) & agxl M2 1HL(n) (56)

Skin friction and heat transfer. - The shearing stress at a point

in the boundary layer can be obtained from equations (2), (13), and (15):

T=Ep % = Wy Up~/CDT @pp (57)

In terms of the Blasius variable 1 and after substitution of equa-
tion (18) for p*, equation (57) becomes

C
T e o [ - D2 ]} e

Local and average skin-friction coefficients are obtained from the wall
shearing stress and the following respective definitions:

T
2 Ppr Up
and X
L dx (60)
=t T
F e o ul x v
2 r r o

A local skin-friction parameter is obtained from equations (58) and (59):

cf'\lic? x % {"(o) + 28 apad [gl'&(O) - ;EME. f"(O)]} (61)

The average friction drag paremeter, obtained from equations (58) and
(80), is
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2€
CF,\/‘Z £"(0) + EN;——.“;N; [gﬁ(o) - {ME f"(o)] (62)

The local rate of heat transfer from the surface is given by

e
I

__kat) =_Mﬂt*)

,J”'r pr up C {K st(0) -
(r-1) ¥ & g [m3(0) + 570y s'(o)]} (63)

A dimensionless heat-transfer parameter can now be written as follows:

Mu_ . 1 {% s'(0) -
\/CRe 2(gf, - t¥)
(r-1) M2 & apd EaN(o) ¥ K s'(o>] ()

where the dimensionless adiabatic wall temperature is

-1 .2
X2l MD [1‘(0) - 2¢ a.NxN hN(O)] (65)
Temperature recovery factor. - The temperature recovery factor is

derived from equations (19) and (65):

® %
Fg = ;—il_—;:: = r(0) + 26 ap® [1 - hg(0) - r(O):l (66)

It is evident from the computed results that th(O) varies very little
with N and is approximately equal to 1 - r(O). With the aid of equa-

tion (44), equation (66) is therefore reduced to the following:
Fp o 'r(O) - 2¢ ap® M2 hy,(0) (67)

Displacement thickness. - The boundary-layer displacement thickness
is, by definition,

2968
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&% = f( -pzue)dy (68)
C vy x
/\/p* f - — u* dn (69)

With the appropriate expressions for p¥, t¥*, and u¥*, equation (69)
becomes, for flows with heat transfer,

5*~2V f{|:1+—- saNxN]l:(l-—f')+Ks+rz—lM§r]+

& B E £ - gﬁ] + %l Mo e el [f' - ZHN]}dT] (70)

Integration of equation (70) yields, for Pr = 0.72,

C v, _x
r T .2
21’ {|1+2Mr aa.Nx‘N] EL.7208+4.0218 K +

1.1094 (y-1) Mf,] + & apd I:aN + (r-1) M2 BN]} (71)

For the case of zero heat transfer X will vanish and By is replaced
by BN. The relation between the functions appearing in equation (71)
and the functions tabulated in table VI is:

oy = oy + M2 o, + K o
By = By + M2 Byyp
K2
BN=BN1+M§BN2+KBN3+'M%BN4+EBNS

APPLICATTION OF ANALYSIS

Before the results of the previous section mey be applied it is
necessary to determine the quantity &, the coefficients

ay, and the
reference conditions. The quantities

€ and aN, which represent the




18 NACA TN 3028

magnitude and form, respectively, of the external velocity distribution,
are determined from potential-flow theory or from experimental measure-
ments. Because the results of this report apply primarily to the flow
over thin two-dimensional wings at Mach numbers greater than 1, & and
ay as obtained by linearized theory (ref. 16) will be presented herein.

It is assumed that the coordinates of a wing section are known and can
be fitted by a polynomial of fourth or lesser degree:

Y = byx + byx® + bzxd + byxt (72)

The values of e, ay, and u, are obtained by matching the expression

for the velocity distribution obtained from linearized theory with
equation (1):

u
e .
E; =1 + s(alx + azxz + a3x5) (1)
where
a
u, = (1 - 1 Ug
r 2
s -1
~2b
2
E= T o ———= (73)
MZ - 1
3b3 Zb4
gy =1 82 = 2b, 8 = b,

If the velocity distribution over the wing were known experimentally, the
starting point of the calculation would be equation (1), with wu., &,

and ay determined by fitting a polynomial to the measured velocities.
If, in a particular application, a, or az 1s much smaller then 1,
then that term need not be included in the solution.

The reference Mach number and temperature are obtained from equa-

tions (10) and (73): Mi (%r;)z

ozt - (3]

(74)

ME =
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l+%lMi

(75)

T @
-1 2
P
The results of the analysis will now be summarized as they are
needed in a particular application. In the following equations the
functions gn(n), hn(n), and Hn(n) frequently appear. They are
related to the tabulated functions in the following menner:
i
ey(n) = gp (1) + M2 g (n) + Kgge(n) (40)
hn(ﬂ) = hml(ﬂ) + Mg.hnz(ﬂ) (44)

; Hyy(n) + —“-2— Hgs(n)  (47)

=
My Mz

The constant K is related to the given wall temperature for flows
with arbitrary rates of heat transfer:

Hﬂ(n) = Hml(n) + ME Hﬁg(n) + KHN3(W) +

1 )t -1
= 1 - —
s(0) |t 2

M2 r(0) (34)

r

where 8(0) and r(0) appear in table I. (For flows with zero heat
transfer, K = 0.)

The velocity profile is given by

%: 22'- £1(n) + ¢ aNxN g(n) (51)

where the repeated index N indicates & summation over all values of
N. The temperature profile, for zero heat transfer, is

L 1.2
o=l i [r('q) - 26 agd hN(T])] (52)
and for flows with heat transfer, is

-;’G—r =1+ Ks(q) + Y_;l M2 l}(n) - 2¢ &NXN HN(TI)] (53)
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These profiles can be obtained in terms of the physical variable y Dby
the following relations between 71 and y: (a) for zero heat transfer,

Y=2/\/ ru:C {E_+%Mf_eaNxNj|—_T]+%lMg1r(n)] -

(1-1) M2 & agd’ IhN(n)} (55)

Cb) for arbitrary rates of heat transfer,

y=2 vrujc {E_+%M§ ea.NxN]E]+%lM§ Ir(n) +KIS(11)] -

(r-1) M2 & apd IHN(n)} (s6)

The functions f, r, and s appear in table II. The functions g
appesr in table III; h, in table IV; and H, in table V.

The constant C 1is defined by
t, (tp + 216° R)
C=4%, &, + 2160 R) (3)
W

where t, 1s given for flows with heat transfer, while for zero heat

transfer a mean value of the adiasbatic wall temperature is used. The
adiabatic wall temperature is

b= by {1 + f—;,—l M2 l}(o) - 26 a.N.xN hN(O)]} (65)

The temperature recovery factor is

Fp = r(0) - 2¢ aNxN Mﬁ hNZ(O) (87)

The following results were found for local and average skin-friction
coefficients and for a heat-transfer parameter:

cp = % ,\/% {f"(o) + 26 agpl [gﬁ(o) - { M2 f"(O)]} (61)
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cp = A== {:IE‘"(O) + e il [gﬁ(O) - Tl f"(O)]} (62)

2N + 1
and
_ _VCRe J . 2 ' T , }
Nu = 2068 ) {Ks (0) - (r-1) MS e aNxN I}aN(o) + D) Ks (o)]

(64)

where fe = UT_)E

Vo

Ctyx
e tgw - t.)t: t;)w

A1l initial values [£"(0), etc.] are tabulated in teble I. The dis-
placement thickness for flows with arbitrary heat-transfer rates is
given by :

5% = Mvru:C {[1 + —zt M2 & aNxN] [1.7208 +4.0218 K + (v-1)(1.1094 Mf')] +

e e |ay + (y-1) M2 BN]} (71)

For flows with zero heat transfer, K will vanish and By is replaced by
Py in the last equation. (Values of ays By, and By can be found in
table VI.)

The results of this analysis are not necessarily limited to the
integral values of N for which calculations were made. Interpolation
of the results presented in the tables will yield valid results for other
values of N. Values for N = O are included in order to facilitate
this interpolation (see appendix C and table I).

The equations presented in this section apply also for flat-plate
flows. TFor this speclial case, € = O and the reference conditions are
equal to the undisturbed free-stream conditiomns.

DISCUSSION OF EXAMPLES

The results of the previous section were applied to two representa-
tive wings in order to determine the combined effects of heat transfer and
pressure gradient on boundary-layer characteristics. Cross-sectional
views of the forward portion of these wings are shown in figure 4. The
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first of the two wings has a constant adverse pressure gradient, while
the second has a constant favorable pressure gradient. A maximum thick-
ness ratio of 0.05 and a free-stream Mach number of 3 were chosen for
the wing segments of both examples. The velocity and temperature dis-
tributions at the outer edge of the boundary leyer are shown in figure 5.

The local skin-friction parameter cfw/Re7C for both representative

wings, computed by the present method, is presented in figure 6. The

effect of pressure gradient in the absence of heat transfer %3) = ]
W

is to decrease skin friction for flows with adverse pressure gradients,
and to increase skin friction for flows with favorable gradients. (For
flows with zero pressure gradients, cfw/Re7C = 0.664 for all values of

X as indicated by a dashed line in the figure.) The effects of pressure
gradient are accentuated by adding heat to the boundary layer. For the
present examples, the aforementioned decrease and increase in skin fric-
tion is doubled when the wall is heated to approximately four times the
ambient alr temperature. Sufficient cooling at the wall, on the other
hand, appears to reverse the trend of the pressure gradient alone. Thus,
for a wall temperature approximately equal to one-fourth the ambient air
temperature, there is a slight increase in skin friction for flows with
adverse pressure gradients; whereas there is a decrease in the case of
favorable pressure gradients. The average friction drag parameter
CFﬂ/§€76’ as shown in figure 7, exhibits the same trends as the local

skin friction.

The friction-drag parameter CFj/Re7C is useful because it applies

at all flight ailtitudes, and the actual velocity, density, and tempera-
ture need not be specified a priori. On the other hand, it is a mis-
leading parameter, because the viscosity-temperature dependence factor
C, which is a function of the wall temperature ratio, is affected by
the rate of heat transfer at the.wall. For this reason, the average
friction drag coefficient multiplied by W/Re was found for the two
representative wings at conditions existing at 35,000 feet, as shown in
figure 8. The rate of change of friction dreg along the surface is
nearly the same as was shown in figure 7. The relative magnitudes of
the friction drag curves are altered, however, so that the highest drag
is found for the cooling case, while the lowest drag is obtained with
the hot wall, regardless of the type of pressure gradient.

The heat-transfer parameter Nu/w/Re C for the two representative
wings is plotted in figure 9. The local rate of heat transfer was found
to increase along the wing when the pressure gradient and wall tempera-
ture were such that the skin friction decreased and vice versa.

The temperature recovery factor, as plotted in figure 10, was found
to vary slightly as a result of the pressure gradient. The variation is
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of the same order of magnitude as the pressure gradient, and hence a
much larger change might be expected for larger pressure gradients.

On the other hand, the variable term in the expression for the recovery
factor (eq. (67)) is proportional to the square of the Mach number and
would be unimportant et low speeds. It is therefore not surprising
that recovery factors obtained by the present method do not agree with
those obtained in reference 17, where the variation of fluid properties
wes neglected.

Velocity profiles at the mldchord point (x = 1) of the two wings
are presented 1n figure 11. The effect of heat transfer on the local
velocity in the boundary layer is seen to be quite large - - there is a
marked thinning of the boundary layer when heat is extracted and a
thickening when heat is added. Although the local velocity and its
first derivative are altered only slightly because of the pressure
gradient, the local curvature of the profiles appears to be affected to
a greater extent. In particular, the profiles for zero heat transfer
and a hot wall have an inflection point when the pressure gradient is
adverse; whereas no inflection point is evident when the pressure
gradient is favorable, even when the wall temperature is four times
the ambient alr temperature. In general, a veloclty profile without
an inflection point indicates greater laminar stability than one having
an inflection point. (The shape of the temperature profile, however,
also affects the criterion of stability.)

Although the local velocity near the outer edge of the boundary
layer did not exceed the free-stream velocity, as discussed in reference
18, the functions g'(n) are of a form indicating that such an over-
shoot may exist for slightly larger pressure gradients. (See fig. l.)

Temperature profiles for the example wings are plotted in figure 12.
These profiles do not differ greatly with the two different pressure
gradients. The effect of heat transfer is quite large, however, as is
evident from a comparison of the extremely thin profiles when the wall
temperature ratio is 0.25 with the relatively thick profiles when this
ratio is 4.

The ratio of the displacement thickness along the example gings &%
to the displacement thickness along an equivalent flat plate BFP is

plotted in figure 13. The displacement thickness is found to be less
than the flat plate value for the adverse pressure gradient and greater
for the favorable pressure gradient. This behavior is opposite to

the trend found for incompressible flow and can be explained as follows:
The ratio of displacement thicknesses is found to be

saNxN [%N + (r-1) M% BN]

1.72 + 4.02 K + (v-1)(1.11) M2

Sl 2
EFF;=1+%MTeaN + (76)
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For incompressible flow and zero heat transfer, equation (76) reduces to

¥
=1-26¢ap’ (77)

Sp

In a favorable gradient (& aNxN positive), 8%/6¥p as expressed by

equation (77) decreases; whereas the ratio Increases in an adverse
gradient. This well-known thinning or thickening of the boundary layer
is essentially an effect of the change in local Reynolds number caused
by the change In the external velocity.

T 2
As the Mach number is increased, however, the term 2 M. € aNxN

in equation (76) becomes of importance. This term is related to the
change in density at the outer edge of the boundary layer. Its sig-
nificance may be qualitatively determined by supposing for the moment
that viscosity may be neglected and by consideration of the two-
dimensional compressible vorticity transport equation for an inviscid
fluid

5 - g

This expression shows that the vorticity changes in the same sense as
the density. In a favorable pressure gradient, therefore, the vorticity
will decrease along the wing because the density decreases along the
wing. A decrease of vorticity in the boundary layer tends to thicken
this layer.

If the complete equation for a viscous fluid is considered, there
may be two opposing effects which occur at high Mach numbers: The
effect of a favorable pressure gradient on Reynoclds number (and hence
viscosity) tends to thin the boundary layer; at the same time, the effect
of the favorable pressure gradient on the vorticity directly tends to
thicken the boundary layer. (A similar argument applies to adverse pres-
sure gradients.) At a sufficiently high Mach number this second effect
will predominate, as was found in the case of the present examples. For
the case of constant pressure gradients and zero heat transfer, it can
be shown that the aforementioned reversal of trends in the function
5%/6%, occurs at & Mach number of 1.76.

If the Mach number is further increased, the thickening or thinning
of the boundary layer will also affect the slope of the velocity profiles
at the wall and hence the skin friction. For small constant pressure
gradients and zero heat transfer, the skin friction trends are found
to reverse at a Mach number of 4.71.
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The effect of Prandtl number on the local friction drag parameter
over the wing with the adverse pressure gradient is shown in figure 14.
At midchord, a Prandtl number of 1 ylelds a friction drag coefficient
4 percent lower than a Prapdtl number of 0.72 when the wall 1s insulated.
A solution for a Prandtl number of 1 for flows with heat tremsfer was
not obtained, but it is expected that the effect would be considerably
larger than the 4 percent found for flows with zero heat transfer.

As a check on the accuracy of the present method, the solution
for Prandtl number 1 and zero heat transfer was compared with an exact
solution of Howarth (refs. 13 and 14), which applies even at pressure
gradients as large as required for separation. At the midchord station
the local friction drag parameter agrees within 0.7 percent with that
obtained by Howarth.

CONCLUDING REMARKS

A method for the calculation of compressible laminar boundary layer
characteristics for flows with heat transfer and small arbitrary pressure
gradients is presented. This method was applied to the flow over two
representative wings - one with a constant adverse pressure gradient,
the other with a constant favorable pressure gradient. The investiga-
tion led to the following conclusions: It was found that the deviations
in skin friction caused by the pressure gradient were magnified when
the wall was heated and reduced when the wall was cooled. ' Large amounts
of cooling were found to reverse the rate of change of skin friction
along the wing caused by a pressure gradient alone. :

Local rates of heat transfer were found to vary in direct opposi-
tion to the skin friction: If the pressure gradient was such that the
shearing stress decreased along the wing, then the heat-transfer rate
increased, and vice versa.

Temperature recovery factors were found to be affected by the pres-
sure gradient. The percentage change in recovery factor along the wing
was somevwhat smaller than the percentage change in the external velocity.

The displacement thickness at a Mach number of 3 was found to be
greater than the displacement thickness of an equivalent flat plate
when the pressure gradient is favorable and less than the flat plate
displacement thickuness for the adverse pressure gradient. This result
is opposite to the trend found at low speeds.

Lewis Flight Propulsion Laboratory
Netional Advisory Committee for Aeronsutics
Cleveland, Ohio, August 19, 1953
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APPENDIX A
SYMBOLS
The following symbols are used in this report:
Ay,85,... arbitrary constants (eq. (C2))
ayg a measure of the shape of the external veloclty distribution
By function appearing in equation (71)

by,bg,... arbitrary constants (eq. (76))

C constant of proportionality in viscosity-temperature relation
Cp average friction drag coefficient = T L > Ty Ox
' FPrUr X
T

Cp local friction drag coefficlent = T LA >

2 Pr Ur
Cp specific heat at constant pressure
FR temperature recovery factor
hig solution of zero-order momentum equation
G function defined in equations (C4} and (C7)
g solution of first-order momentum equation
H solution of first-order energy equation with heat transfer
h solution of first-order energy equation without heat transfer
K factor describing heat-transfer conditions (eq. (34))
k thermal conductivity
M Mach number
N exponent in free-stream velocity distribution, (u;'= 1+ eaNxN)

c t§ X St
Tu Nusselt number = I
a,w"tfr'sgw

n transformed variable

Pr Prandtl number = p cp/k
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static pressure

local rate of heat transfer

gas constant

Reynolds number = u, x/v,.

solution of zero-order energy equation
Sutherland's constant

solution of zero-order energy equation
total temperature

static temperature

velocity in x-direction

velocity in y-direction

distance along surface measured from leading edge
normal coordinaste of surface

distance from surface measured perpendicular to surface
functions appearing in equation (71)

ratio of specific heats
displacement thickness

gmall quantity - a measure of magnitude of velocity dis-
tribution at edge of boundary layer

characteristic varisble defined by equation (26)
dummy veriable

coefficient of viscosity

kinematic viscosity = p/b

dummy variable
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[¢] mass density

T shearing stress

(0] transformed stream function

¥ stream function

Q vorticity, (%E - g?)

Subscripts:

aw adiabatic wall

e conditions at outer edge of boundary layer

FP equivalent fla@-plate value

r reference condition

W conditions at wall or surface

® undisturbed free-stream condition

X,¥,n partial differentiation with respect to x, y, or n
M valué of function corresponding to given value of M
N value of function corresponding to given value of N
Superscripts:

* dimensionless quantities defined by equation (11)

! differentiation with respect to 17

Special Notation

A bar over a quantity indicates the order of approximation.
(A single bar signifies a zero-order quantity, double bar signifies a
first-order quantity, ete.)

A repeated index_ N appearing on a and one or more Qther symbols
indicates summetion: [i +e apd =1+ s(ajx + agx? + . j.

The symbol I preceding a quantity indicates integration from

|
zero to 1: [for example, Ir(g) = I r.(g)d}g’:l-
0
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APPENDIX B
NUMERTCAY. SOLUTION OF DIFFERENTTIAL, EQUATIONS

By Lynn U. Albers

Bach of the ordinary differential equations for f, r, s, g, h, and
H with its associated boundary conditions at zero and infinity con-
stitutes a two-point boundary value problem. With the exception of the
Blasius equation all equations are linear, and the principle of super-
positions of any two solutions may be used to satisfy the boundary
conditions at infinity. Usually, two solutions close to the correct
one vere used in the final combination in order to minimize round-off
errcrs. All integrations were performed on the IBM Card-Programmed
Electronic Calculator. The combination of solutions and rounding to
four decimal places was accomplished on the IBM Type 604 Calculating
Punch by using general purpose floating-point control panels.

The integration technique will be described for the g problem,
but it will be applicable to all the other problems with slight modifi-
cations. If g" () is given at five values of 1, a fourth-degree
polynomial in 7 may be passed through the set of values; and if g,
g', and g" are known at the fifth point, the polynomial representa-
tion of g"' may be integrated to yield g, g', and g" at the next
(sixth) point. These quantities may then be substituted in the 4if-
ferential equation (41) to yield g"' at the sixth point. Thus, by
using the five previous points, the integration may be extended one
step at a time.

The integration was initiated with an assumed trial value of g"(0)
and a value of g" (0) calculated from the equation. This value of
g" (0) was also used as a first estimate of g™ at the next four
points. The fourth-degree polynomial representing g"' over this range
was then integrated to yield g, &', and g" at the second point.
Substitution in the equation then yielded a better estimate of g™ at
the second point. Integration of the fourth-degree polynomial rep-
resentation of g" from zero to successive points was alternated with
substitution in the equation to improve values of g™ in an iterative
fashion until convergence was obtained at the five initial points.

It was found that when g' was close to its boundary value at
infinity, the regular integration process encountered oscillations in
the function g™ . To avoid this phenomenon, a procedure analogous to
the starting procedure was used in an iterative manner. This smoothing
process was used from 1 = 3.4 on. Integration was carried to a point
which would yield four-decimal-point accuracy in the value of g"(O)
and in the g' and g" data.
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All integrations were performed using a step size of 0.1. Sub-
sequent Investigation of the effect of step size indicated that tabular
values of the functions f, r, and s are correct as presented in
table II, while the functions g, h, and H may be in error by 1 in
the fourth place.
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APPENDIX C
SOLUTION OF FIRST ORDER-EQUATIONS FOR N = O

Physically, the solution of the first-order equations for N = O
is of little interest because the external flow represented by
u§'= 1+ € 18 sgimply the flow over a flat plate; the term € arises
because the reference velocity is taken slightly different from the
stream velocity. In practical applications, flat-plate flows would be
handled by the zero-order solutions. The case of N = 0 may be of
academic interest, however, in addition to supplying limiting conditions
for cases of N’% 0.

The first-order momentum equation (eq. (38)) for N =0 Dbecomes

"t

&y *+ f ggl + f"gOl =0 (c1)
61(0) = g,(0) = 0

gor(=) = 1

The functions g02 and gbs vanish identically. The general solution
of this equation 1s

1
. flf" dT]
go(n) = A7 + A(F + £'1) + A (f+f"q)f -
o\N Ak 2 1 3 A (2612 - p")2
!
o f (£ + £')2" dn (c2)
A (2£12 - p£")2

The coefficient of A, 1in equation (CZ) was given in reference 19.
From the boundary conditions it can be found that Al = A5 = 0 and

A2 = %. Therefore,

goy(n) = 3 (£ + £'n) (c3)

The first-order energy equation for N = 0O and zero heat transfer
reduces to

hiy + Pr £ hy; = Pr (ggr' + £" gf;) = G, (n) (c4)
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hél(o) =0 h01(m) =1

Equation (C4) is a first-order linear equation in hé. The solution
satisfying the boundary conditions is

_ piyqPr Gy ()
hoy(n) = 3 - [[f ()] | IS a6 dg (c5)

The function hg, is identically equal to zero. For flows with
arbitrary rates of heat transfer, the following equations arise for

N= 0:
By, + Pr £ B); = Pr [%Or‘ + £" gS] = G, (n) (cs)
11 . ZPI‘
HJ, + Pr £ H64 =11 808' = G4(ﬂ) (c7)

Hy(0) = 0 Hyp (=) = 1 Hps(=) = 0

Hop = Hpz = Hop5 = O

The solution of equation (C8) satisfying the appropriate boundary con-
ditions is

o

E
ORI Ol \[ (£"(0)17 ¢;(0) a0 ax -

1
3 E
1- f [£"(&)1FT f [£"(8)1°FF G (6) a0 a& "
(0] (0] n Pr
= [£"(&)1FT ax
f[f"(z)]h‘ dx
0 1 (c8)

Similarly, the solution of equation (C7) is

2968



8962

CR-5

NACA TNV 3028 33

% 3

By (n) = - f (el [ e oy(e) a0 a +

1 0
. 3 .
f [e"()1F" f [£"(6)]™™F G,(6) a6 ag
9 3 ‘ [e"(2)15" ax
" Pr

f[f (8)1° ax (co)
6] 1

The function Hy(n) is again obtained by a linear combination of
HOl('q) ‘and Hy,(n) in the following memner:

Hy(n) = Hyy(n) + ;:—E Hos(n) (c10)

Values of hO(O) and HC')(O) for Pr = 0.72 were obtained by numerical
integration and are listed in teble I.
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APPEWDIX D
SOLUTION FOR Pr = 1

In order to establish the effect of Prandtl number on skin friction
and to provide a basis for comparison with other solutions, some of the
energy equations were solved for the special case of Pr = 1. The
solution of the zero-order energy equation for Pr =1 1is

r(n) = 1 - 3 (£)° (p1)

s(n) = 2 - £'(n) (p2)

The solution of the first-order energy equations for zero heat transfer
is, for Pr =1,

b (1) = 2 £ gy

and (D3)
Bp(n) = 5 7' g

The linear combination of equations (DS) yields

) =3 ¢ [o v ] (04)

The function gm is independent of Prandtl number, and hence the
velues appearing in table IIT apply for all Prandtl numbers. The
function gy, was calculated numerically for a Prandtl number of 1,

and results of this calculation appear in table VII.

The complete solution of the first-order enmergy equation for
Pr = 1 and flows with arbitrary rates of heat transfer was not found.
The following are the solutions of equations (45) and (46) for Pr =1
and heat transfer:

Hy (n) = % ' gfn
N (ps5)

Brp(n) = 3 ' &
and for Pr=1 and N = O:

Ho4(ﬂ) = 2(?21) (Ds)
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TABLE I. - INITIAL VALUES

[Br, 0.72; 1, 1.4

£"(0) = 1.3282 r(0) = 0.8477

s(0) = 2.0748 s8'(0) = -1.2267

N=20 N=1 N=2 N=23

grp (0) [0.9962 | 4.0821 | 6.3546 | 8.2879
g&z(o) 0 .2807 .5847 .8717

&z (0) 0 |5.0447 | 8.9738 | 12.4065

th(o) 0.1523 | 0.1524 | 0.1526 | 0.1528

by, (0) 0 .0085 | .0123 | .0146

Hﬁlfo) 0.0904 | 0.1479 | 0.1802 | 0.2042
Eﬁz(o) 0 .0082 .0145 .0195
Hﬁs(o) 0 -.4201 | -.2200 .0899
g},(0) |1.5326 | 5.5574 | 8.6985 | 11.3879

Hﬁs(o) 0 |[5.3452 [10.1820 |14.5535
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TABLE IV. - SOLUTIONS OF FIRST-ORDER ENERGY EQUATION FOR ZERO HEAT TRANSFER

(Br, 0.72; ¥, 1.40)
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SOLUTIONS OF FIRST-ORDER ENERGY EQUATION FOR ZERO HEAT TRANSFER

- Continued.

TABLE IV.
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(Pr, 0.72; v, 1.40}
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SOLUTIONS OF FIRST-CRDER ENERGY EQUATION FOR ZERO HEAT TRANSFER

TABLE IV. - Concluded.
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TABLE V. - SOLUTIONS OF FIRST-ORDER ERERGY EQUATION FOR

ARBITRARY RATES OF HEAT TRANSFER

iy}

[Pr, 0.72; ¥, 1.40]
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TABLE V. - Continued. SOLUTIONS OF FIRST-ORDER ENERGY EQUATION FOR

ARBITRARY RATES OF HEAT TRANSFER

[Pr, 0.72; 1, 1.40]

2968

H dn

]

(2) Continued. The function IH(7) = Lé"

Bl RN QEEEEQ QQANQ QAR RERMAEQN QUEE0 QUEQMA RRQMR QOQQQEe QQQQE 0N
ORI WONVH MWONYH YANGYT MONOE OUTOHT FOYOVO OANOYO ONMHNI VOMCN b
COMY VHOOVM VOAOVY MHAYTD K HONN NMTOW FOHNMA VRVOO wWHQEQE QQEERE Q0N

mwososo VNN VHOVOY OHOAY TOWVOR WNNYO WEOHN MNYYTY VOLOY WODWNY VW
CRNN®R WKMok YYONhY QNGNE YOUWY QOCOHN QUMMM NMONN MEEEY gRnae e
o W@ NNV OOORRO OOrwH woddad NN QEEQRR QOONNE CNNNE  oN

o odHrdde dAdddd ddddd dddedd dddedd dAreHe e
ONBAN VAGNT NHTNO wHHTOR NETOO QYO HETOVOr ONHTY HOVOR TWIIVY VOO
OMMNAG ANYN®O MOMNO QDO DRUAW OONAL MUYV OFRWE AOOvH mHodor e

JOTr-O®m VATAYT OOEUVUN MMM wHENMAY QUNBLE ATV OOOO0O Owddre mrerr el

% oQrinY OWOoVN ANENY NAVOY QYNNG HAMYN WVYYY VONNN NENNN NMNNN NN
c QN MTOOY NEOOR NO0O00O0 wrivee dwvodd weree wivlrdoed ool ete e

Aridd Hrdde Wy Ay A e e
ORUVOG VOO QFRAY ONONG wHHONN OYONYT QAUWHO HIAOVIN NOOMRD OARRR OGO
OOWHO MANWVY OMERL ORVONR OVOW®D OOMWIN ANV TNERQNR CQQHA v o

% COoONY ONMNOG OONY RATON FTOMDD AOODO O ool Dol befelebele (0=
©Q00Q QOrR8MNMN YWVONY OO0 L I b L L I L L L R R T e i ullll N
o e Addd ddddd Addddd Adddyd deliddd HAddd el
ONAWH VOUVUYTO QUMD VITDO VINOH OVOVUH MARAWO HENON OOOO VODOO OO0

g|ococoaw ot GOV VYHNN OABANY HaNNE OANO0O Horme HMewodd dHoddodd oo

% CO00O0O0 Ol MMM MNNAR HHHOO 00000 000dH wemrur wodddd ddddd Hed
CCRGB2 2RRQQ ©LCQY QQQRQe QRQQeQ €0QeQ9Q ©QRCY QQQQQe ,0QQ00 QQQeQQ Q@9
o _______.__..___..____.._.__
ONMWVN QOON ONVNA MMMNND AMOHIN HAEHOR NOOKO MINANMG RITTWY VOVOVY VOO
OrOrl OMO®OI MUGOT OWOVD TTOVONIN COTVY MONIND AOMH®R NUENNN QEERE ©NQ

% COrHNY HAOOH WOVNH AVNOY QNHIND ONYTWY EDOD DARONN OGAAR ARRRR OGO
CRRRR rriuMiy VYA YVROW NYVN® QrNNY KOYNEOO OHANMY VYN QHAMY WVWON
S A drdde NN mMAanm ARRRn Y T ey nunyy due

e  FNNY eRRe OrgNY VORE®O OFHANY VUNOO OHARMY NONKRG OHAMY WVNOG O

rdrdrdd ddddd dodddd dddadd mmmme mREnn e ed et ed  wsinm




47

NACA TN 3028

- Continued.

TABLE V.

SOLUTIORS OF FIRST-ORDER ERERGY EQUATION FOR

ARBITRARY RATES OF HEAT TRANSFER
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SOLUTIONS OF FIRST-ORDER ENERGY EQUATION FOR

- Continued.

TAELE V.

ARBITRARY RATES OF HEAT TRANSFER

[Pr, 0.72; v, 1.40]

2968

(b) The function H(n)
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SOLUTTONS OF FIRST-ORDER ENERGY EQUATION FOR

- Continued.

TABLE V.

ARBITRARY RATES OF HEAT TRANSFER

[Pr, 0.72; 7, 1.40]
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- Continued. SOLUTIONS OF FIRST-ORDER ENERGY EQUATION FOR

TAELE V.

ARBITRARY RATES OF HEAT TRANSFER

{Pr, 0.72; T, 1.40]

2968

(b) Concluded. The function H(n)
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ARBITRARY RATES OF HEAT TRANSFER
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[Pr, 0.72; ¥, 1.40]
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TABLE VI.

~ ASYMPTOTIC VALUES

APPEARTNG IN EXPRESSION FOR

DISPLACEMENT THICKNESS

[Br, 0.725 v, 1.4]

SHEA

N=1 | N=2
ayy | -4.4764 | -6.5114| -7.9898
aga | -0126 -.1230| -.2688
ayz | -5.1946 | -8.3220 |-10.6824
By | -2.0346 | -3.0786| -3.8104
Byp| .0566| .0096| -.0476
By | -1.8294| -2.9060| -3.6564
Bya|  .0680 .0236| -.0348
Byz| --7794| -2.3438| -3.8602
By |-16.0112(-23.4228|-29.1598
Bys| -13.8116| ~24.7052| -33. 6536

NACA TN 3028
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TABLE VII.- SOLUTION OF FIRST CRDER MOMENTUM EQUATION

[Pr, 1} ¥, 1.40)
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Tewperature recovery factor, Fg
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Figure 10. - Temperature recovery factor as a function of distance

from leading edge. M_, 3.
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Temperature ratio, t/te

NACA TN 3028
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Figure 12. - Temperature profiles.
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Local friction drag parameter, cp+/Re/C
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Figure 14. - Comparison of present results with results of reference 13,

Zero heat transfer; adverse pressure gradient; M_, 3.
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